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Fig 1. 69

Nonlinear mixed effects inference 70

Under the assumption that the data-generating process can be modelled by a NLME 71

model, NLME inference is the process of estimating the population parameters, ✓, from 72

real-world measurements. To this end, we define the (hierarchical) log-likelihood using 73

the model of the data-generating process 74

log p(D, |✓) =
X

ij

log p(yij | i, tij) +
X

i

log p( i|✓). (4)

The log-likelihood quantifies the likelihood of parameter values to capture the mea- 75

surements, D = {(yij , tij)}. Here, we use (yij , tij) to denote the jth measurement of 76

individual i, and  = { i} to denote the individual-level parameters across all measured 77

individuals. From this log-likelihood we can, in principle, infer maximum likelihood 78

estimates of the parameters, (✓, ), using optimisation algorithms such as LBFGS. 79

However, as noted by several authors [ref], maximising the hierarchical log-likelihood 80

systematically underestimates the inter-individual variability. Approximate approaches, 81

adding correction terms to the log-likelihood, exist and are able to reduce this bias of 82

the maximum likelihood estimates [refs]. 83

Alternatively to maximum likelihood estimation, Bayesian inference is able to infer 84

unbiased estimates of the model parameters using sampling algorithms. In particular, 85

Bayes’ rule can be used to translate the log-likelihood into a distribution of likely 86

parameter values, also known as the posterior distribution 87

log p(✓, |D) = log p(D, |✓) + log p(✓) + constant, (5)

where p(✓) is the prior distribution of the model parameters. p(✓) is used in Bayesian 88

inference to quantify knowledge about likely parameter values prior to the inference 89

and is a modelling choice. The model parameters can now be inferred from p(✓, |D) 90

using sampling algorithms, such as Markov chain Monte Carlo (MCMC) algorithms. 91

In contrast to maximum likelihood estimates, Bayesian inference results not just in 92

point estimates for the model parameters, but in distributions of likely parameter values, 93
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NLME inference is not tractable for snapshot data
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for each measurement time .
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y|ȳ(y0,�, t),�2

�
,  = (y0,�,�) (2)

14

p( |✓) = N (y0|µy0 ,�
2
y0
)N (�|µ�,�

2
�) �(� � ✓�) (3)

15

✓ = (µy0 ,�y0 , µ�,��, ✓�) (4)
16

p(y, |✓, t) = p(y| , t) p( |✓) (5)
17

p(y, |✓, t) (6)
18

log p(D, |✓) =
X

ij

log p(yij | ik, tij) +
X

ik

log p( ik|✓k) (7)

19

D = {(yij , tij)} (8)
20

 = { i} (9)
21

log p(✓, |D) = log p(D, |✓) + log p(✓) + const., (10)
22
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The model defines a joint distribution, , which we can use to
define a (hierarchical) log-likelihood for the parameters given the data
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with data                           and individual-level parameters                  .
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y|ȳ(y0,�, t),�2

�
,  = (y0,�,�) (2)

14

p( |✓) = N (y0|µy0 ,�
2
y0
)N (�|µ�,�

2
�) �(� � ✓�) (3)

15

✓ = (µy0 ,�y0 , µ�,��, ✓�) (4)
16

p(y, |✓, t) = p(y| , t) p( |✓) (5)
17

(✓, ) (6)
18

log p(D, |✓) =
X

ij

log p(yij | ik, tij) +
X

ik

log p( ik|✓k) (7)

19

D = {(yij , tij)} (8)
20

 = { i} (9)
21

log p(✓, |D) = log p(D, |✓) + log p(✓) + const., (10)
22

p(y|D̃j), D̃j = {(ỹsj , tj)} (11)
23

p(y|D̃j) = N (y|µ̃j , �̃
2
j ) (12)

24

µ̃j =
1

ns

nsX

s=1
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(ỹsj � µ̃j)
2 (14)

26

log p(✓, , Ỹ |D) =
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NLME modelling is an approach to model the dynamics of heterogeneous
populations. NLME models have 3 building blocks, see example below.

What is nonlinear mixed effects (NLME) modelling?

What are snapshot time series data?

Population filter inference (PFI)

PFI uses population filters to do approximate population-level inference.
Population filters summarise the population measurement distribution
using virtual measurements, , of the model
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Contact and open-source software

Snapshot time series data are measurements over time where individuals
in the population are only measured once.
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Example: Early cancer growth across patients

1. Time series model

2. Error model

3. Population model
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1. react 32
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3. increment time by dt and go to 1 34
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Snapshot data: Early cancer growth across patients

Take home:
Population filter inference makes intractable tractable – it enables inference
of nonlinear mixed effects models from snapshot time series data.

How do we infer the model parameters?
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Using Bayes’ rule, we can derive a posterior distribution for the parameters

where is the prior distribution of the population parameters. This
posterior distribution can be inferred using MCMC sampling.
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1. Posterior evaluations
become expensive.

2. Posterior dimension
becomes large.

3. Local changes in
posterior curvature
become extreme.

Summary

The simplest population filter is a Gaussian population filter

With population filters we can define an approximate population-level
posterior

where the mean and variance of the Gaussian are estimated from the
virtual measurements. Other choices are possible, e.g. KDE-based filters.

whose evaluation cost no longer scales with the number of measured
individuals. Instead, the evaluation cost can be tuned with the number of
measured virtual individuals in the virtual dataset, .

PFI results: Early cancer growth across patients

Population filter inference enables NLME inference from snapshot data by:
1. Decoupling the inference cost from the number of measured individuals;
2. Decoupling the dimensionality of the posterior from the number of

measured individuals;
3. Eliminating shrinkage by fitting to data on a population level.

Limitations:
1. Population filters can result in information loss which would translate

into widened posterior distributions.
2. Noise and inter-individual variability are no longer distinguishable on a

population level. Strong priors on error model parameters are required
to reduce the uncertainty of population parameter estimates.
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ỹsj (13)

25

�̃2
j =

1

ns � 1

nsX

s=1
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log p(yij |Ỹj) + log p(✓, |D̃) + const. (15)

27
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y|ȳ(y0,�, t),�2

�
,  = (y0,�,�) (2)

14

p( |✓) = N (y0|µy0 ,�
2
y0
)N (�|µ�,�

2
�) �(� � ✓�) (3)

15

✓ = (µy0 ,�y0 , µ�,��, ✓�) (4)
16

p(y, |✓, t) = p(y| , t) p( |✓) (5)
17

p(y, |✓, t) (6)
18

log p(D, |✓) =
X

ij

log p(yij | ik, tij) +
X

ik

log p( ik|✓k) (7)

19

D = {(yij , tij)} (8)
20

 = { i} (9)
21

log p(✓, |D) = log p(D, |✓) + log p(✓) + const., (10)
22
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